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Acoustic Gain in Solids due to Piezoelectricity,

Flexoelectricity, and Electrostriction

Morten Willatzen,* Penglin Gao, Johan Christensen, and Zhong Lin Wang

A quantitative discussion of the combined influence of three electro-
mechanical effects: piezoelectricity, flexoelectricity, and electrostriction

in solids is provided for acoustic absorption and gain. While piezoelec-
tricity occurs in non-centrosymmetric materials only, flexoelectricity and
electrostriction exist in all materials. Two important new results are dem-
onstrated: 1) the possibility to realize acoustic gain in all materials (cen-
trosymmetric and non-centrosymmetric) when the acoustic Cherenkov
condition is fulfilled, and 2) realization of acoustic gain in the presence of a
strong dc electric field, even when the Cherenkov condition is not fulfilled,
in the case of strong cross-coupling between piezoelectricity, flexoelec-
tricity, and electrostriction. A simple analytical expression for the acoustic
dispersion relation is derived for the combined effect of piezoelectricity,
flexoelectricity, and electrostriction. At lower frequencies, the piezoelectric
effect dominates for inversion-asymmetric materials. At high frequencies
(=>1 MHz) flexoelectricity becomes increasingly important and eventually
provides a major mechanism for gain and absorption in barium titanate
(BaTiOs). In the presence of strong electric fields (=>1 MV m™), electrostric-

1. Introduction

Since the advent of graphenel!l many new
2D materials with exotic physical proper-
ties and application potential have been
fabricated. Several of these new solid mate-
rials may find use in device applications!?=!
where electromechanical effects play an
important yet different role compared to
usual bulk or quantum-confined struc-
tures. Piezoelectricity is one characteristic
intrinsic  electromechanical property of
many 2D materials®®l that displays dif-
ferent qualitative and quantitative behavior
than their bulk counterparts. For example,
it has been shown experimentally and
theoretically that the piezoelectric coef:
ficient of MoS, changes drastically with
the number of stacking layers.”) 2D MoS,
structures with an even number of stacking
layers are inversion symmetric and have a

piezoelectric coefficient equal to zero while
odd-layered structures show a non-zero
but varying (usually decreasing) piezo-
electric coefficient as the stacking number
increases. Since 2D structures consist of
one or a small number of single atomic
layers they are more flexible than bulk materials. Hence, flexo-
electric effects are expected to play an important role in these
materials. In addition, due to the small dimensions of nan-
odevices, electric fields may be as high as 1 GV m™ such that
electrostriction, manifesting itself as a mechanical stress propor-
tional to the square of the electric field, can play a dominant role.

In the early sixties, Hutson, White, and McFeel'**? demo-
nstrated experimentally and proved theoretically that piezoelec-
tricity in bulk semiconductors provide a mechanism for acoustic
gain due to the Cherenkov effect when the electron drift velocity,
in the presence of a dc electric field, surpasses the speed of sound.
Acoustic gain occurs as accelerated free electrons lose their
kinetic energy, driven by the dc electric field, by emitting pho-
nons. Recently, we demonstrated™ in the presence of epsilon-
near-zero (ENZ) conditions acoustic gain due to piezoelectricity
may become orders of magnitude higher than found in refs.
[10-12]. We also showed in the context of parity—time symmetry
acoustic metamaterials how amplified sound is an indispensable
ingredient in many striking wave-based phenomena.['>1¢l

In this work, we make a systematic investigation of the com-
bined effects of piezoelectricity, flexoelectricity, and electrostric-
tion in solid materials for acoustic absorption (see Figure 1). We
derive a closed form expression for the acoustic dispersion rela-
tion and show that typically, at low frequencies and electric fields,

tion provides a dominant isolated contribution to absorption/gain in
BaTiOj3. Strong coupling between the three electromechanical contributions
determines the total absorption/gain coefficient.
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Figure 1. Schematic drawing of the BaTiOj crystal structure. The lower panel shows the isolated effects of piezoelectricity (left), flexoelectricity (middle),
and electrostriction (right) for a cylinder-shaped BaTiO; structure with electrodes mounted at the top and bottom ends. The red dashed rectangle

shows in profile the structure shape in the absence of an applied voltage.

piezoelectricity is the prevailing effect. In some materials, such
as barium titanate (BaTiO;), and at frequencies above =1 MHz
or electric fields above =1 MV m™, flexoelectricity and elec-
trostriction, respectively, contribute significantly to the acoustic
absorption/gain. Interestingly, we demonstrate that couplings
between the different electromechanical effects from piezoelec-
tricity, flexoelectricity, and electrostriction are dominant and lead
to absorption/gain coefficients that differ substantially from the
sum of their individual contributions. We anticipate that for gra-
phene and other 2D materials, due to these materials’ small flexo-
electric and electrostrictive coefficients, acoustic absorption/gain
contributions from flexoelectricity and electrostriction first set in
at high, yet realistic, frequencies and electric fields, respectively.
In a recent work, the importance of flexoelectricity in pyramidal
composite (Ba,Sr;_,TiO;) microstructures was investigated.["]

2. Theoretical Framework

For simplicity consider the constitutive relations of a 1D semicon-

ductor including piezoelectricity, flexoelectricity, and electrostriction.
T=cS—eE—va—E—gEz 1)
ox
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D:sE+P+eS+vg—S+2gES (2)
x

where T, S, D, E, P, ¢, €, ¢, v, and g are the stress, strain,
electric displacement, electric field, spontaneous polariza-
tion, stiffness, permittivity, piezoelectric e constant, flexoelec-
tric coefficient, and electrostriction coefficient, respectively.
In deriving the relations between electrostrictive terms
in Equations (1) and (2), we used the 1D thermodynamic
relations!*’]

H=U-ED (3)

dH=0dQ+TdS - DE )

where  is the electric enthalpy, Q is the entropy, and

__0H
T as ©)
__0H 6
D=3 ©

Similarly, the relation between flexoelectric terms in
Equations (1) and (2) is obtained by use of the following
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expression for the differential electric enthalpy assuming con-
stant entropy

g O _ 0dH T 0 o0 as)—a—DdE Dd(aE) %
ox ox 0x ox ) ox 0x
thus

e ) ) .
e

Consider next electromechanical wave motion along the x
direction. The equation of motion for a solid is

2 2 Z
a” a_T_ a__ JE _ 8__2 oE 9)

at ox Jx> ox  ox’ gk x

where p is the mass density, and s=2 with u the material dis-
placement due to the wave motion.
The continuity equation becomes

9J __9p.
ox ot

(10)

where [ and p, are the current density and the free charge den-
sity, respectively. Let n, be the carrier density due to the pres-
ence of the acoustic wave. The total density n of electrons in the
conduction band is

n=ne+ fn, (11)

where f denotes the fraction of the acoustically generated elec-
trons that are free to move, and n, is the conduction band elec-
tron density in equilibrium. Since the ion background exactly
compensates for the electron density in equilibrium, the free
charge satisfies

Pe =—qns (12)

The current density | due to electrons has drift and diffu-
sion contributions. Two drift terms arise due to the presence of
flexoelectricity (strain gradients), that is,

BdS
q ox

J=aqu.-nE—qu, (13)

where y,. is the electron mobility and B is the conduction band
deformation potential in eV. Note that the flexoelectric drift
terms arises from the contribution, £ 75 to the electric potential
¢ in the presence of strain and use of E=-% The diffusion con-

ox’
stant D, is assumed to obey the Einstein relation

D, = ucks©

(14)
q

where kg and © are Boltzmann’s constant and the absolute
temperature, respectively.
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We must supplement the above set of equations by the Max-
well-Poisson equation
oD
== Pe =N (15)
ox

Before we proceed it is important to notice that the influence
of holes is neglected. The argument is simply that for semicon-
ductors holes are usually much heavier than electrons. Hence,
in a first approximative model, we will neglect their contribu-
tion to charge transport and acoustic dynamics.

2.1. Continuity Equation

It follows from the continuity equation and the Maxwell-
Poisson equation that

] oE du Lon o u
ox = (no E+ fo dx qu ( ox’ Bx ox’ )
2
-_9%.__0D (16)
ot dx ot

Terms involving n, can be augmented by using the Maxwell-
Poisson equation, that is,

9’D oF 9’D oD oE a’D

e SRl e o e W i .
s 2h L2 0n_L7 Do) "
‘ dx’ q dx Ix’ g 9x* 9x’

We now proceed to solve Equation (17) for the case where the
electric field consists of a dc term E, and a small acoustic term E;

E(%,t)=Eo +E; exp (it —ikx) (18)

where k is the wavenumber associated with the acoustic wave of
frequency % We also make the ansatz

D(x,t)= D, + D, exp (it —ikx) (19)

u(x,t) =t (%) +u; exp (it —ikx) (20)
where E,, D, are constants, and u, is a time-independent
function of x. The coefficients D; and u; are constant (small)
acoustic amplitudes for the electric displacement and the
displacement, respectively.

Since acoustic amplitudes are small, we neglect all terms
involving products of acoustic amplitudes. Collecting first-
order plane wave terms in acoustic amplitudes we find from

Equation (17)
wkD;, —k’u. fE, D, +ik’ fD, D, — .noBik*u, (21)

Similarly, collecting terms to first order in acoustic ampli-
tudes yields from Equation (9)

= qu.noikE;

—p*u, =—ck’u, +ikeE; +Vk’E; +2ikgE, E; 22)

and from Equation (2) we obtain
—vku, (23)

D, =€E, —ikeu, —2ikgEu,
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From the latter three equations, a determinental equation in
the acoustic amplitudes (D, E;, uy) is obtained by specifying the
o — k dispersion relation. Attempting instead a direct solution,
Equation (21) gives

iqu.no ik’p.noB
D= ; 7 L1~ ; 7 W
o+ fu,Ek—ifD,k o+ fu,Ek—ifD,k

then from Equation (23)

(24)

12
JEl =(ikz+vk2 +2ikgE, — ik pnoB )ul

o+ fi,Egk —ifD, k>
(25)

e— i‘],uc”o
o+ fiEgk —ifD, k>

Using the latter expression in Equation (22) yields the dis-
persion equation

o+ fi.Eok—ifD,k’
—€ (26)

72
(ike+vk2+2ikgE0)(ike+vk2+2ikgE0— ik B ]

pw’ =ck’ +

i‘].u:”o
o+ fi,Eok—ifD,k’*

Equation (26) is the general acoustic dispersion equation
including piezoelectric, flexoelectric, electrostriction, and
strain-gradient current contributions. Due to the presence of
imaginary terms in the dispersion equation, and the possibility
to tune the dc electric field E, above the Cherenkov condition
(|Eo| > |/ (fick)|), allows for phonon amplification in both piezo-
electric and flexoelectric materials. Note that flexoelectricity
and electrostriction exist in all materials, also in inversion-sym-
metric crystals! Hence, application of the acoustic Cherenkov
effect is not limited to piezoelectric (inversion-asymmetric)
materials as considered in earlier works by White et al. and the
present authors.[10-1214

In the following, we will consider various cases of
physical interest.

2.2. Absence of Piezoelectricity

In inversion-symmetric semiconductors such as silicon, dia-
mond, and graphene, piezoelectric effects vanish, that is, e = 0.
Then, Equation (26) reduces to

ik’u.neB
—1 2
. o+ fu.Ek—ifD,k 27)
lq,uc”o —€
o+ fu,Ek—ifD,k*

vk® +2ikgE, —

pa’ =ck® +(vk* +2ikgE, )

2.3. Absence of Piezoelectricity, Electrostriction,
and Strain-Gradient Current Contributions

If piezoelectricity, electrostriction, and strain-gradient cur-
rent contributions can be neglected (¢ = g = B = 0), then
Equation (26) reduces to

vik*
igH.no
o+ fi.Eok—ifD,k*

pw’ =ck’ + (28)
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2.4. Absence of Flexoelectricity, Electrostriction,
and Strain-Gradient Current Contributions

In a piezoelectric semiconductor where flexoelectric, elec-
trostriction, and strain-gradient effects can be neglected, the
coefficients v, g, and B vanish. Then, Equation (26) reduces to

ke’
iqu. 1, _e
o+ fu.Ek—ifD,k’

in agreement with previous results in the literature.[10-12

pw’ =ck’ -

(29)

4]

3. Numerical Results and Discussions

In this section, we consider barium titanate, BaTiO;, and
examine the importance of piezoelectricity, flexoelectricity, and
electrostriction at different frequencies and dc electric fields.
Parameters are shown in Table 1. We tacitly assume that in all
parameters including the permittivity, mobility do not depend
significantly on the acoustic frequency. For a detailed discus-
sion of the influence of frequency, in particular at ENZ con-
ditions, on acoustic absorption/gain in GaAs, we refer to our
work in ref. [14]. Further, we shall neglect the influence of the
strain-gradient current contribution (the term proportional to B
in Equation (26)) in the following discussion.

Since the imaginary part of the wave vector k is small com-
pared to its real part, it is possible to simplify the algebraic
equation for k versus @ given by the general dispersion equa-
tion, Equation (26). First, we write out the numerator of the
second term on the right-hand side of Equation (26)

(ike+Vk? +2ikgE0)Z =—(¢’ +4gEoe+4g E; —i(2ve+4vgE, ) k—vk’ )k’
(30)
Then approximative solutions k;, k, are now determined

from the second-degree polynomial equation

(¢ +4gEoe+4g°Es —i(2vet4vgE, ko, —v'kis ) ki

w* =cki — -
P 1 U g —e (31)
w+ f,uCEokoJ _i'fang,l
, o, (€ +4gEe+4g’Es —i(2ve+4vgE, ko, — vk, )k;
pw’ =ck; — ;
1Mo e (32)
o+ fit.Eoko, —ifD,k2,
where
wZ
ko,1 :—ko,z = p (33)

c

In Figure 2, 2D plots of the wave vector k; as a function of
the dc electric field E, and the frequency f= @/(27) are shown.
The four panels correspond to cases with piezoelectricity only
(upper left), flexoelectricity only (upper right), electrostriction

© 2020 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Table 1. Physical properties. Note that the electrostriction constant g is given by g = cM = ce?Q. Observe that (GO) are data for graphene oxide.

Parameter BaTiO; GaAs Graphene
o[Q'm™] 1x10°° 2.69 %1077 1% 10*

1, [m?VTsT] 6.9 x107° (T =300 K)@2 0.8 1.5

plkg m™ 6020 5320

e[Cm7? e15=21.3, e5y=—2.7, €33 = 3.71 0.154

€ (&) 2000 10.89 e =44,¢€33=13

M [m? V7 Q=0.05m*C2M M = -1 x 10722201 M =-3 %1072 (GO)#
v[Cm™ ~5x 107508 5.1x 1071224 2.86 x 1071223
c[10"Pa] ¢ =275, c33=1.65, ¢4y = 0.543, ¢, = 1.79 0.855

only (lower left), and all three together (lower right), that is,
according to Equation (31). The left (right) colorbar in the four
panels refers to the real part of k;: k{ =Re(k;) (the imaginary part
of k, :kf=Im(k)). In the calculations, we use the values v =-5 x
10 C m™ for BaTiO; where the minus sign reflects the best
compromise between experimental data and density functional
theory calculated flexoelectric coefficients for BaTiO; from
Tables 3.2 and 3.4 in ref. [18]. For the electrostriction constant we
used g = cM = ce?Q with Q = 0.05 m*/C? taken from ref. [19] and
€ = 2000g,. This yields a value of M equal to 1.6 x 1077 m?/V?
and g = 4.3 x 10°® Pa-m?/V2 As mentioned earlier, we tacitly
assume the dielectric constant is a constant with frequency to
focus on the different contributions from piezoelectricity, flexo-
electricity, and electrostriction. For the piezoelectric coefficient
we have chosen ¢ = ¢;5 = 21.3 C m™? taken from ref. [21]. We
also use ¢ =275 GPa, 6= quy=1x 10" Q'm™, and u, = 6.9 x
105 m? V-1 57 (T = 300 K).22

It is evident that the real part of the wave vector k; is several
orders of magnitude larger than the imaginary part. The most
important isolated contribution to the absorption stems from
electrostriction (lower left panel). Flexoelectricity (upper right
panel) leads to an absorption contribution about two orders of
magnitude smaller than the contribution from electrostriction
and one order of magnitude smaller than the piezoelectric con-
tribution (upper left panel). It is very interesting to notice that
all three effects combine (lower right panel) to yield a substan-
tially higher absorption coefficient, approximately five orders of
magnitude higher than the sum of the isolated contributions
shown in the other three panels! This difference is attributed to
the coupling of electrostriction and piezoelectricity with flexo-
electricity, that is, the terms —4ivgEk, ; and —2ivek, | appearing
inside the parentheses in the numerator of Equation (31). The
reason these terms have a drastic effect on the absorption is
that they are imaginary while all the isolated absorption con-
tributions Equation (31) are real. In other words, our results
anticipate the importance of accounting for the full coupling
of electrostriction, piezoelectricity, and flexoelectricity to the
absorption. This coupling is obviously absent from earlier ana-
lyses!12M where only piezoelectricity was considered.

Our results also reveal that the imaginary part of k; changes
sign (absorption to gain) as the dc electric field magnitude E,
crosses the value —2.471 MV m™! (refer to the white dashed line
in the lower right panel). This effect reflects the strong cou-
pling of flexoelectricity to both electrostriction and piezoelec-
tricity and not due to the acoustic Cherenkov condition being

Adv. Funct. Mater. 2020, 2003503
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satisfied. Indeed, the electric field E required to fulfill the Cher-
enkov condition is given by |E|> f“’k 2100 MV mL. The explana-
. . . ek .
tion follows from inspection of the second term on the right-hand
side of the dispersion relation Equation (26). The flexoelectric
term term provides a real value: vk? while the piezoelectric and
electrostrictive terms are imaginary (ike and 2ikgE,, respec-
tively). In effect, the overall sign of the imaginary term in the
dispersion equation is determined not only by the Cherenkov
condition. Thus, when flexoelectricity is present and sufficiently
large, as it is for BaTiO3, gain occurs at a much smaller electric
field value than that determined by the Cherenkov condition.

We emphasize that the detailed frequency dependence of the
dielectric constant and the mobility is not considered in the pre-
sent work. This choice is made since the isolated consequence
of a frequency-dependent dielectric constant and mobility will
not affect the relative importance of piezoelectric, flexoelec-
tric, and electrostrictive contributions for the total absorption/
gain coefficient nor the obtained five-order enhancement of
the total absorption/gain coefficient due to their coupling. The
latter conclusion follows from our general dispersion result in
Equation (26). Further, frequency-dependent data are scarce
for other model parameters such as the piezoelectric e, flexo-
electric v, and electrostriction g constants. Hence, so as to
maintain a homogeneous presentation, we have chosen to dis-
card the frequency (as well as the electric field) dependence of
all material parameters. It is important to notice, however, that
Equation (26) (and other equations) can be directly used also
for the case with frequency-dependent material parameters.

Due to the small flexoelectric and electrostrictive coefficients
of bulk GaAs, we do not find important coupling contributions
from piezoelectricity, flexoelectricity, and electrostriction to the
total absorption/gain in bulk GaAs. Indeed, our calculations
reveal that only piezoelectricity is important for absorption/
gain of bulk GaAs. Hence, we find that the unique combina-
tion of large piezoelectric, flexoelectric, and electrostrictive con-
stants makes BaTiO; a promising material for tunable acoustic
absorption/gain devices.

It should be kept in mind that besides the above effects,
there are other mechanisms that contribute to the imaginary
part of the acoustic wave vector and lead to acoustic absorption
in a solid. These include temperature relaxation phenomena
such as phonon absorption due to temperature gradients and
mechanical friction from scattering on impurities and dis-
locations. Note also that a 1D model represents an approxi-
mation and relies on parameter estimation based on real

© 2020 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 2. 2D plots of k; solutions for bulk BaTiOj3 in the case with piezoelectricity only (upper left plot), flexoelectricity only (upper right plot), elec-
trostriction only (lower left plot), and all (lower right plot). The x axis is the dc electric field E, and the y axis is the acoustic frequency f= @/(27). The
left (right) colorbar in the four panels refers to the real part of ky: k] =Re(k;) (the imaginary part of ky: k] =Im(k;)).

material data. We therefore expect the present analysis to be
of a qualitative nature more than strict quantitative. We antici-
pate that quantitative data for the acoustic absorption/gain in
the presence of a dc electric field must be based on detailed
experimental investigations.

4. Estimation of Flexoelectricity, Electrostriction,
and Strain-Gradient Current Contributions in
Other Solids

In this section, we make rough estimations of the importance
of electrostriction, flexoelectricity, and strain-gradient current
contributions in selected other solids.

4.1. Flexoelectricity

According to a recent review article, >}l direct flexoelectric con-
stants u are about 0.001-0.01 nC m™ in 2D materials but there
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is substantial variation among the different 2D materials (in
MoS, the value is as high as 0.03 nC m™). In bulk GaAs, the
flexoelectric coefficient is 5.1 x 10712 C m™ (see ref. [24]), that is,
of the same order of magnitude as for the 2D materials. There-
fore, at frequencies near or below 10 MHz, flexoelectricity plays
a reduced role. Yet, at frequencies near or above 1 — 10 GHz,
by virtue of the k* dependence of the flexoelectric term in the
numerator of the dispersion equation, flexoelectricity provides a
dominant contribution in most solids.

4.2. Electrostriction

The importance of electrostrictive effects is estimated as follows.
According to ref. [25], electrostrictive constants (M=£) are very
small, about 1x 107 m? V=2 in GaN and 107! m? V2 in silica.l?%l
For the 2D material graphene oxide the electrostriction coeffi-
cient is only M = -3 X 10723 m? V2 (see ref. [27]). Indeed, density
functional theory calculations calculations!®® give much smaller
electrostriction coefficients for GaN and similar materials closer
to the values reported by ref. [26] for silica. Hence, the role of

© 2020 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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electrostriction is expected to be significantly smaller in typical
bulk and 2D solids as compared to BaTiOj; at dc electric fields
of less than or near several MV m™. Note, however, that at elec-
tric fields near or above 0.1 GV m™, electrostriction will play a
significant role in most materials. Such strong electric fields are
realized in many nanostructure device applications.?82°]

4.3. Strain-Gradient Current Contribution

Let us attempt to determine the importance of the strain-gra-
dient term in Equation (21). By use of Equation (23)

"= eE, - D, 34
' ike+ vk? +2ikgE, (34
Equation (21) becomes
k? noBk’e
k—ik’ fD, +ku, __ HmoBKT ik ——HeMBRE g
{a) I Dn ke fEo e—ivk+2gE, I Cah e—ivk+2gE, '
ik Be
TR | S —
ettt [ +q(e—ivk+2gE0) '
(35)

For GaAs!™ with B ~ 5 eV, € ~ 11g), e ~ —0.16 C m™>, u, =
0.85 m? s7' V', ny ~ 2 x 10 m=3, w/(27) ~ 15 MHz, and
kBY 110+ [SI],

ra
which is negligibly small compared to 1 on the right-hand side.
Similarly, on the left-hand side, comparing wk ~ 1 x 10% x 10* =

102 [SI] and “LB"Z‘ ~1x2x102 x5x 10 /0.16 ~ 10° [SI] SO strain-gra-
(4

a sound speed about 4 x 10° m s, we have

dient current contributions are typically negligible. The above
assertion that the strain-gradient current contribution can be
neglected also holds in the case of BaTiO;.

5. Conclusions

An quantitative discussion of the combined effects of piezo-
electricity, flexoelectricity, and electrostriction in solids for the
acoustic absorption coefficient was presented. While piezoelec-
tricity occurs in non-centrosymmetric materials only, flexoelec-
tricity and electrostriction exist in all materials. For bulk BaTiOs,
in the presence of a dc electric field of the order of MV m™,
electrostriction is the most important isolated contribution to
absorption. At lower electric fields, of the order of kV m™ or
below, piezoelectricity provides the dominant contribution. It is
demonstrated that net acoustic gain is introduced at sufficiently
high dc electric fields, when the acoustic Cherenkov condition
is fulfilled, and the magnitude of the net absorption/gain coef-
ficient is governed by dominant cross-coupling effects between
electrostriction, piezoelectricity, and flexoelectricity. The cross-
coupling contribution leads to absorption/gain coefficients about
five orders of magnitude higher than the isolated contributions
from electrostriction, piezoelectricity, and flexoelectricity. Exam-
ples were presented for BaTiO;. Estimation of the importance
of flexoelectricity, electrostriction, and strain-gradient effects was
also discussed for other typical bulk and 2D semiconductors.
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